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Abstract — This paper studies the power allocation
problem at the relay nodes for the uplink of a relay
assisted TDMA system considering the sum capacity
as the performance metric. We consider three differ-
ent relay transmission schemes namely, regenerative
decode-and-forward (RDF'), nonregenerative decode-
and-forward (NDF) and amplify-and-forward (AF) at
the relay nodes, and address the optimum power al-
location in each case. We observe that the optimum
power allocation for RDF considers the direct links of
the users and tries to equalize the rates of the users
providing fairness to the system. In the NDF case,
the optimum power allocation tries to provide equal
improvement in the individual capacities of the users
by the aid of the relay nodes. Motivated by the op-
timum power allocation identified for each case, we
provide insights to relay selection strategies for re-
lay assisted TDMA networks and resource allocation
for cooperative communications. We observe that co-
operation among the users provides fairness to the
system through sharing of the resources.

I. INTRODUCTION

Relay assisted wireless communication systems are attrac-
tive due to their potential of combating the impairment of
the wireless channel using space diversity without the need of
physical antenna arrays [1-8]. Relay assistance also mitigates
the effects of path loss, and provides the source nodes with
extended battery life. The relay channel is studied in [1], and
upper and lower bounds for the capacity of the relay chan-
nel is identified in [2]. Simple relay transmission schemes are
derived in [3] using half duplex transmission. Recently, refer-
ence [4] showed that the uplink capacity of two user systems
can be increased by using cooperation, where each user also
acts as a relay for the other.

In wireless networks, transmission power of the nodes is
limited. Hence, power efficiency is a critical concern when
designing relay transmission strategies. It has been shown
that significant performance improvement is achieved by the
optimum power allocation for various relay assisted networks
[5-8].

Relay assisted transmission is expected to improve the per-
formance of multiuser systems as well. Such networks, hence-
forth referred to as multiuser relay networks are ones where,
each relay node would serve for multiple users, and the total
transmission power budget for each relay node would be lim-
ited. When this is the case, a fraction of the power should
be devoted to relay each user’ transmission by the assisting
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Figure 1: System Model

relay node. In such a scenario, the total relay power should
be allocated between the transmissions of information from
the sources that relay over this node, in such a way to ob-
tain the best performance. Optimum power allocation for
relay networks is studied up-to-date in [5—8] for several relay
transmission schemes with a single source-destination pair. In
contrast, in this paper, we will consider the uplink of a re-
lay assisted TDMA network with multiple sources and relays,
and address the optimum power allocation problem at the
relay nodes performing decode-and-forward and amplify-and-
forward relay transmissions while considering the sum capac-
ity as the performance metric.

II. SYSTEM MODEL

We consider the uplink of a relay assisted TDMA system
with K users and L relay nodes and a destination node, e.g.
a base station or an access point (Figure 1). We assume that
each user has a pre-assigned relay node that will assist its
transmission. The data transmission of each user occurs in
two time slots where the user broadcasts its signal in the first
time slot, and the preassigned relay node transmits this user’s
information in the second time slot. All time slots of all users
and relay nodes are distinct and nonoverlapping. The signal
received by the destination in the ith user’s first time slot is

(1)

where z4; is the symbol transmitted by user ¢, Ps; is the trans-
mit power of user ¢ and 3; denotes the normalized channel
gain from user ¢ to the destination with nq4,; as the zero mean
AWGN with unit variance. Similarly, the received signal at
the relay node k which user ¢ is assigned, is

Yair = V PsiBi%si + nain

Yri = VPsioiZsi + Mg (2)

where «; is the normalized channel gain from user 7 to the as-
signed relay node k, and n,; is the zero mean AWGN with unit



variance. In the second time slot, kth relay node transmits z,;
and the corresponding received signal at the destination is

Yai2 = V PriYeTri + Nai2 (3)

where ,;, Pr; and 7y denote the signal transmitted for user 4
from the kth relay node, the transmit power of the kth relay
node dedicated to user ¢ and the normalized channel gain from
the kth relay node to the destination with a zero mean and
unit variance AWGN ng;2, respectively. We assume that each
relay node has a total power constraint EieAk Pr; < Pri,total
where Ay denotes the set of users that relays their information
through node k.

We consider three different relay transmission schemes at
the relay nodes and address the optimum power allocation in
each case individually.

¢ Regenerative Decode-and-Forward (RDF): When
the transmission from the user is received reliably at the
relay node, the relay node decodes the signal, re-encodes
it with the same codebook used in the original user’s
transmission and transmits the signal in the second time
slot of the user [3,5,7].

e Nonregenerative Decode-and-Forward (NDF):
Similar to RDF, the relay decodes the signal, but re-
encodes it with a codebook different than the original
user and transmits it in the second time slot of the
user [8].

e Amplify-and-Forward (AF): The signal received at

the relay node is amplified and forwarded in the second
time slot of the user [3,6,7].

III. OrTIMAL POWER ALLOCATION

In this work, we aim to optimally distribute the power of
each relay node between the users’ transmissions to be relayed
by that node. Our goal is to maximize the sum capacity of the
system. The individual capacities of the users are functions
of the relay transmission scheme. In the case of RDF relay
transmission, the individual capacity of user ¢ is

1
Ci,rpF = ﬁlog(l + Pyifi} + Pivyic) (4)

when assigned to the relay node k. Similarly, for the case of
NDF relay transmission, the individual capacity expression is

. - N 2
Ci,NDF = 2Klog(l + Psif3) + 2K109(1 + Privi) ()

For both RDF and NDF cases, the designated relay node must
reliably decode the signal. Thus, the individual capacity of a
relay assisted user can not exceed the capacity of the user-
to-relay link. This constraint leads two important results in
terms of optimum power allocation. When the direct link, 82,
is better than the relay link, a2 for user 4, the minimum of the
capacity upper bounds of the direct link and the user-to-relay
link is the latter. In this case, the capacity of the direct trans-
mission is higher than that of the relay assisted transmission.
Since the direct transmission of user ¢ will both maximize the
individual capacity of user i, and have the potential to improve
the sum capacity of the remaining users, it will be chosen. In
this case, the relay node will not be able to decode the signal
of user ¢. Thus, the power allocated to user ¢ is

Pi=0 if aj<pl, Vi=1,..K (6)

For clarity of exposition, we denote the set of users that are
served by the kth relay node and have 87 < a? as A} in the
sequel. Additionally, the maximum individual capacity that
can be achieved by user ¢ with the help of relay node is upper
bounded by

1 .
Ci,rpr < CiNDF < CupperDF = ﬁlog(l + Pyio}), Vi (7)

due to the decodability constraint of decode-and-forward (DF)
relay transmission schemes. When AF relay transmission is
used, the individual capacity of user i is

Psiagpri'yz
Psia? + PTI’Y’% +1

-1 32
Cz,AF == 1K lOg(l + Pmﬂz + ) (8)

The optimum power allocation problem at the relay nodes
is posed as

K
max C = Cix 9
{Pm-}i=1’___,K sum ; 2, ( )
s.t. Z P,; < Pgg,total, Vi k (10)

i€Ay

where % can be replaced with RDF, NDF or AF according
to the relay transmission scheme chosen. We note that when
RDF or NDF is used, constraints (6) and (7) are added to the
optimization problem.

Since the power allocation at each relay node does not af-
fect the individual capacities of the users that are served by
other relay nodes, we focus on the sum capacity optimization
problem at each relay node. For RDF relay networks, we have
the following theorem:

Theorem 1. The optimal power allocation for RDF relay
networks results in four user sets, namely equal users, low
potential users, oversized users and nonrelayed users for each
relay node.

1. Equal users set is the set of users that have the same
individual capacities after the optimal power allocation,
and the corresponding relay powers dedicated to each
user and achieved individual capacities are

1 1+ Pyf3?
Pri=( - St (11)
MHEk,RDF Vi
1
Ci,rpF = ﬁlog(’YI%/llk,RDF) (12)

where ()T = maxz(.,0) and pg,rpr is the water level
for the kth RDF relay node that satisfies >, , Pri =
PRk,total-

2. Low potential users set is the set of users that achieve
the maximum individual capacities indicated in (7).
The power allocation and corresponding individual ca-
pacities are

Py (o] — B7) 1

> <(
Yk

_1+Pﬂjﬂ?)+

P’!‘j = 2
Hk,RDF Vi

(13)

1 2 1 2
Cj.rDF = ﬁlog(l + Psjaj) < ﬁlOg('Yk/Hk,RDF) (14)

3. Oversized users set is the set of the users that are not
relayed due to high individual capacities achieved with-
out the help of the relay nodes. P,; = 0 for the users
in this set and corresponding individual capacities are
Ci,rpF > %ZOQ(’Y%//%,RDF)-



4. The nonrelayed users set involves the users that has
better direct links than the relay link, o2 < 82, and the
P,, = 0 for this set.

Proof: Using the fact that P,; = 0 for the users that have
B2 > o the optimization problem at the kth relay node can
be expressed as

1 2 2
max —log(1 + Pg;B; + Py 15
{Pm-}ieA;c I;:;c 9K g( 5i Bi m’)’k) ( )
s.t. Z P,; < Pry,total (16)
ic Al

1 2 2 1 2 . !
8iMqg [ < — 815 ),
2Klog(1+P Bi + Privi) < 2Klog(1+P a;),Vi € Ay, (17)
The constraint in (17) is a simple upper bound for the {P,;}

(a2 — B2
OSPMSP-‘”(azQ ﬂz)

Y& (18)

Thus, the Lagrangian is

L({P:i}, pk,r0F, {pi,rDF}) =
1
Z ﬁlog(l + Py + Privi) + prror( Z P.; — PRy total)

i€ Al i€ Al
-Psi(az2 _ ﬂ’bz)
— )

+ Z pi,RDF(Pri — ~
k

; 1
i€AY

where ux,rpr and p; rpr are the Lagrange multipliers asso-
ciated with the total transmit power constraint of the relay
node k and the upper bound for the relay power used for user
1. The cost function is a concave function and the {P,;} set
is a convex set. Thus, simply using the KKT conditions, we
arrive at the optimum relay power for user ¢ as

1 _ ]-+Psiﬂi2)+ PSi(a? _,Bzz)) (19)
2 ) 2
Hk,RDF Yie Tk

P, = min((

The users for which the upper bounds in (17) are inactive

14+P,; 82 . T
and P,; = (Mc ;DF — %:Qﬂ) > 0 achieve the same individ-

ual capacities and form the equal users set. When the upper

Pyi(af-BF
Peilog =B7)

bound is active, P,; = i ), forming the low potential

: : 1 14P,; 87
users. Finally, the users with (—— - —72—1) < 0 form
s k

the oversized users. [

The optimum power allocation for RDF networks is a mod-
ified water-filling solution where each user has a base level
14P,; 7
1+Peifi

Ve

and an upper bound. The base level for each user is

14P,;a?

whereas the upper bound is —r Such a power allocation

scheme is demonstrated in Figukre 2 with five users. In this
example, users 1 and 2 are the low potential users which relay
node allocates maximum power for each user to achieve the
maximum individual capacities. However, the resulting indi-
vidual capacities are lower than the individual capacities of
the users 3 and 4 that are in the equal users set. Note that
user b is an oversized user and is not allocated any power due
to high quality direct link, and its individual capacity is higher
than the equal users’ individual capacities. Observe that the
optimum power allocation tries to equalize the individual ca-
pacities achieved by each user, also increasing the symmet-
ric capacity of the system. The users that are not equalized

in terms of individual capacities are the users that have low
quality user to relay link (low potential users set, nonrelayed
users set) or very high direct link (oversized users). Even if
the transmit power of the relay nodes are increased, the relay
benefits obtained by the low potential users and nonrelayed
users do not increase. Thus, an appropriate relay selection
strategy for RDF relay networks will be selecting the relay
nodes that will provide high quality user to relay links.

When the relays operate in the NDF mode, we have the
following theorem for the optimal power allocation.

Theorem 2. The optimal power allocation for NDF relay
networks results in three user sets, namely equal benefit users,
low potential users and nonrelayed users for each relay node.

1. Equal benefit users set are the set of users that benefit
from the relay transmission equally. For this set of users,
the optimum power allocation does not depend on the
transmission of the users in the first time slots. The
optimum power allocation dedicated to each user and
corresponding individual capacities are

1
Py=— (20)
Mk, NDF
Cinpr = ——log(1 + Puf?) + ——log(1 + —2% ) (21)
i,NDF = 9K og 8195 oK og Lk NDF

where pur npr is the water level for the kth NDF relay
node that satisfies the power constraint of the relay.

2. Similar to the RDF case, low potential users are the set
of users that achieve the maximum individual capacities
indicated in (7). The power allocation and correspond-
ing individual capacities are

Psj (o] = B7) 1
’Y}%(l + Psy’ﬂ;)

1 2
ﬁlog(l + sta])

P,

22
Mk, NDF ( )

Cjnpr = (23)

3. The nonrelayed user set is similar to the RDF case for
which every user in the set has a better direct link than
the relay link, a2 < 2, and Py, = 0.

Proof: T he power allocation problem at the kth NDF relay
node can be expressed as

1 92 1 2
2 ﬁlog(]-"'Pslﬂz) + 2Kl09(1 +P”7k) (24)
reAay

s.t. E P.; < Pry total
i€AY

{Pri}iEA;e

(25)

1 1
ﬁ[log(l + Pyif3?) + log(1 + Pyi)] < ﬁlog(l + Pya?) (26)
The constraint in (26) is a simple upper bound for P,;

(a2 — 32
PM' S I_;Sl(az B12)
Vi (1 + Psi 57)

The Lagrangian, L({P,;}, ux,npF, {ps,nDF}), is

(27)

1
K Z [log(1 + Psi37) + log(1 + Privi)] — pk,n pr Pritotal
ieal
Psi(a? - ﬂf)

20+ Pup?))

+ Z e, NDFPri + pi NDF (Pri —
i€ Al
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Figure 2: Optimum power allocation for RDF relaying

where pr,npr and p; nprF are the Lagrange multipliers asso-
ciated with the power constraint of the relay node k£ and the
upper bound for the relay power used for user . The opti-
mization problem is a concave function and the {P;} set is
convex. Thus, simply using KKT conditions, we arrive at the
optimum relay power for user 7 as

pr,ror’ YE(1 + PsifS?)
The users that have inactive upper bounds as in (26), will
have P,; = —L— forming the equal benefit users set. When

Kk, NDF
Psi(a—B7)
Ve (1+PsiB7)”

) (28)

P,; = min(

the upper bound is active, P,; = forming the low

potential users. [J
Observe that optimum power allocation for NDF relay net-
works tries to equalize the benefits obtained by relay transmis-

sion for each user. The optimum solution is a modified water-
filling solution with upper bounds, EMQ)— and identical
vk (14+Pg;87)

base levels for each user. Such a power allocation scheme is
demonstrated in Figure 3. In this example, user 1 is a low po-
tential user and the other users are equal benefit users. The
users in the set of low potential users and the nonrelayed users,
can not benefit from relay transmission as the equal benefit
users set due to low quality user to relay links. Similar to
RDF case, even if the total transmit power of relay nodes are
increased, the users in the low potential users set and nonre-
layed users set will not be able to achieve higher individual
capacities. Thus, the performance of the optimum resource
allocation in NDF relay networks is very much dependent on
the relay selection, and appropriate relay selection schemes
which provide high quality user to relay links increase the
performance of the NDF relay networks.

For AF relay networks, the following theorem identifies the
optimum power allocation.

Theorem 3. The optimal power allocation for AF relay net-
works results in nonzero power allocation for some of the users
assigned to the relay node, and the optimum power allocation
for user i is

(% a2 4 _4a; a4

(G +2+ /) +“k’”(1+b"))+ (29)
2(a; + b;)

Psi ? Psi ? 1 2

C“z/(2 @ +2) andbiz ’75

(1 + B} Psi) /i Pya? +1

PM’ = (

where a; = (30)

)

User 4 User 5

Figure 3: Optimum power allocation for NDF relaying

where pg, ar is the water level for the kth AF relay node that
satisfies 2, 4, Pri = PRb,total-

Proof: The power allocation problem at the kth AF relay
node can be expressed as

1 Py} Privyi
o EZAk s loa(L+ PuifB] + Pra? Pri%ﬁk+ ) (31)
s.t. Z Py < Prp,total (32)

i€Ay
The Lagrangian, L({P,;}, pik,ar), is
2 2

%log(l + Puiff + P;fﬁ%Jf o) (33)
+pk,ar( Y Pri — Pritotal) (34)

i€Ay

where pr, ar is the Lagrange multipliers associated with the
total transmit power constraint of the relay node k. The op-
timization problem is a concave function and the {P,;} set
is convex. Simply taking the derivative with respect to Pr;
equating it to zero, we arrive at the optimum relay power for
user ¢ in (29). O

Observe that the optimal power allocation for the AF relay
nodes results in nonzero power allocation to the users that
satisfy pwx,ar < a;. When the relay node that is very close

to the users, then a; = ?-75’%?? and b; — 0. This case corre-
sponds to the case when the users’ received SNR at the relay
node are very high and the received signal is close to perfect.
The optimal power allocation in this case reduces to the opti-
mal power allocation in RDF as expected. It is important to
note that in AF, the individual capacities of the users are not
constrained by the capacity of the user-to-relay channel. The
upper bound for the individual capacities of the users are

1
Ciar < ﬁlog(l + Py + Puia) Vi (35)

Thus, AF relaying may perform better than the DF relaying.

IV. COOPERATIVE COMMUNICATIONS

In this section, we investigate the optimum power alloca-
tion for cooperative communications of two users where each



user is both a source and a relay node. In such a case, each
user should devote some of its power to its own data transmis-
sion and the remaining part to the transmission of the relay
traffic. Considering the individual power constraints and the
relay transmission scheme used, we investigate the optimum
cooperation level of each user that maximizes the sum capac-
ity of the users.

In a two user cooperative communication model, there ex-
ists only two sources and two relay nodes. We assume that the
total power of each user is Pjyiq; and the sum of the powers
dedicated to the individual data and relay traffic should be less
than Piyiqi, i-€., Ps1 + Pro < Pyotqr for user 1 and vice versa.
We denote the channel gain between two users as a. Defin-
ing the portion of the total power dedicated to the individual
data transmission m; = Ps;/Piote: the sum capacity optimiza-
tion problem for a two user cooperative communication model
can be expressed as

max Csum = Cl,* + CZ,*

0<my,m2<1 (36)

where * can be replaced with RDF, NDF or AF according
to the relay transmission scheme chosen. For RDF or NDF
relay transmission, additional constraints in (6) and (7) for
the decodability of the signal at the relay nodes should be
considered.

For RDF and NDF cases, when the channels to the destina-
tion are better than inter-user channel, i.e., 87 > a? for both
of the users, the users can not cooperate due to the decodabil-
ity constraints of DF relay transmission schemes as expected.
When 2 > o? for only one of the users, one user can help
the other for the transmission in both RDF and NDF cases.
Thus, in these cases, the optimum power allocations for the
two user cooperative communication model are simple exten-
sions of Theorem 1 and 2 and can be summarized as in the
following lemma for RDF and NDF.

Lemma 1. When 82 > o? > B2, the optimum power allo-
cation for RDF and NDF cooperative communications results
in 1 = 1 for the first user and

WZ(RDF)zmax(%(ﬂ—i-i-l),l—#) (37)
2 2
o” — B

1
mo(NDF) = max(

501 (38)

h ﬁ%(l + Ptotalﬂ%)
for the second user.

For the RDF cooperative communications, when the con-
straints (6) and (7) are inactive, the maximum sum capacity is
1
Csum,RDF = Elog(l + Piotat(B7 + 53)/2) (39)
where each user achieves equal single-user capacities. It is
identified in Lemma 1 that such a power allocation exists for
B2 >a®>> p? as

m2(RDF) = %(ﬂ—i +1)

2

m (RDF) =1 (40)

if o®> > @ Observe that (40) is an optimal power allo-
cation also for the case 82 < B2 < a? that provides equal
single-user capacities and a sum capacity as in (39). It is
important to note that the optimum power allocation is not
unique. There exist other (71, 72) pairs that achieve the same

sum capacity with equal single-user capacities. However, the
proposed power allocation is easy to implement and saves one
time slot of the nonrelaying user. Observe that in RDF coop-
eration, the user with higher channel gain to the destination
should assist the other user to maximize the sum capacity.

Following a similar approach for the NDF cooperative com-
munications, when (6) and (7) are not active, the optimum
power allocation is simply m; = m2 = 1/2 and the maximum
sum capacity is

' _ 1 Piotal poy , 1 Piotal 52
Ci,NnDF = Klog(1+—2 B1) + Klog(1+ 9 B3) (41)

and the condition that the (6) and (7) are not active is

B+ 65 + it g2 g2 < o (42)
In such a case, the optimum solution is unique and provides
equal single-user capacities for each user.

It is important to note that the maximum sum capacity
achievable by the NDF cooperative transmission is simply the
sum capacity of a TDMA system where users do not cooperate
and transmit independent symbols at each time slot. Due to
the fact that the NDF cooperative communication performs
better than RDF cooperative communication, both RDF and
NDF cooperation do not provide any improvement of the sum
capacity over conventional non-cooperative systems. However,
they improve the single-user capacities of the worst users pro-
viding fairness to the system.

When AF cooperative communications is investigated in
the asymptotic case of @ >> f;, as expected, we observe
that the power allocation should be done similar to RDF case
without considering the decodability constraints. In such a
scenario, the power allocation can be done as 71 = 72 = 1/2.
‘When the decodability constraints are inactive, the RDF co-
operative transmission will perform better than the AF coop-
erative transmission due to the noise propagation nature of
the AF relaying.

The performance of cooperative communications is a func-
tion of the quality of the inter-user channel [4,4]. Thus, to fa-
cilitate the potential gain of cooperative communications the
users that will cooperate should be selected carefully. Espe-
cially the DF type cooperative communications require high
quality inter-user channels. Thus, the users that have good
inter-user channels should cooperate to fully facilitate the gain
provided by the cooperative communications.

V. NUMERICAL RESULTS AND CONCLUSION

In this section, we present numerical results related to
the performance of the TDMA multiuser relay network with
optimum power allocation. For numerical results, we con-
sider a TDMA multiuser relay network with 5 users and
one relay node that serves all. The link SNRs of the
users used throughout the simulations are {(Ps; 37, Psia?)} =
{(1,5), (6,10), (8,11), (12,15), (14,17)} dB. We investigate the
individual capacities achieved by each relay transmission
scheme with different values of power constraints for the relay
node.

Figures 4, 5 and 6 show the performance of the relay trans-
mission for RDF, NDF and AF relay nodes with optimum
power allocation. We observe that the individual capacities
are improved as the relay power is increased up to a threshold
for each user as expected. In the RDF case, when the relay
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Figure 4: RDF relay networks

node has relatively low SNR, the relay node helps only the
first user that has the worst direct link, since the rest of the
users are oversized in such a scenario. As the available power
at the relay increases, the first user’s potential is reached,
and the relay node starts to help the rest of the users. We
observe that user 2 and 3; user 4 and 5 become equal users
for larger relay power values. We also observe that after a
threshold, increasing the relay power does not help since all
users already achieve the maximum single-user capacities. In
the NDF case, we again observe that the sum capacity is im-
proved as the relay power is increased up to a threshold. Since
NDF performs better than RDF, this threshold is much lower
than the threshold in the RDF case, i.e., for the maximum
sum capacity, NDF requires less power at the relay node as
compared to RDF. In the NDF relay scheme, we observe that
the relay tries to help all the users equally and simultaneously
without considering the performance of the direct links. How-
ever, the benefit that can be provided by the relay node is
limited by the quality of the user-to-relay link. In Figure 6,
we observe that the benefit obtained by the AF relay nodes
converges to its maximum point gradually for each user. We
also observe that in the AF mode, both individual capacities
and the resulting sum capacities may be higher than that of
the DF relay transmission. This is due to the fact that DF
relaying has the decodability constraints in the user-to-relay
links whereas the AF relaying does not.

In this work, we have obtained optimal power allocation
schemes for the relay nodes when each relay node serves sev-
eral users. We have observed that the optimum power al-
location in RDF relay nodes helps the users with low quality
direct links first, and tries to equalize the individual capacities
of the users bringing fairness among the users. We identified
that the optimum power allocation in NDF relay networks pro-
vides equal improvements to the individual capacities of the
users when the qualities of the user-to-relay links are high. We
observe that the AF relay nodes provide higher sum capaci-
ties than the DF relay nodes in high SNR regime due to the
decodability constraints in DF relaying. For cooperative com-
munications, it is observed that RDF, NDF and AF type coop-
eration do not provide any improvement in the sum capacity
over conventional non-cooperative TDMA systems. However,
NDF type cooperation with appropriate cooperative user se-
lection have the potential to achieve the same sum capacity as
the non-cooperative TDMA systems while providing fairness
among users.
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